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Abstract. The Shapovalov determinant for a class of pointed 
Hopf algebras is calculated, including quantized enveloping alge- 
bras, Lusztig's small quantum groups, and quantized Lie superal- 
gebras. Our main tools are root systems, Weyl groupoids, and 
Lusztig type isomorphisms. We elaborate powerful novel tech- 
niques for the algebras at roots of unity, and pass to the general 
case using a density argument. 
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1. Introduction 

We study finite-dimensional representations of a large class of Hopf 
algebras U{x)j where x is a bicharacter on for some finite index 
set /. These algebras emerged from a program of Andruskiewitsch and 
Schneider to classify pointed Hopf algebras |AS98] , |Hec07] . Prominent 
examples are quantized enveloping algebras of semisimple Lie algebras, 
where the deformation parameter is not a root of 1, and Lusztig's 
(finite-dimensional) small quantum groups, see Sect. [HI Other relevant 
examples are quantized enveloping algebras of Lie superalgebras, see 
|KT91] and |Yam99l lYamOl] , and Drinfeld doubles of bosonizations of 
Nichols algebras of diagonal type classified in [HecOGa] . 

Our main combinatorial tools towards the study of representations 
are the root system and the Weyl groupoid associated to x- For quan- 
tized enveloping algebras of semisimple Lie algebras the Weyl groupoid 
is nothing but the Weyl group of the Lie algebra. The main concern of 
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this paper is the determination of the Shapovalov determinants for all 
algebras U{x) with finite root system. We obtain a natural analog of 
Shapovalov's original formula (for complex semisimple Lie algebras) as 
a product of linear factors. For our approach we need that xiP, ^ I 
for all positive roots /5. This assumption is fulfilled for the special cases 
mentioned above. 

The generality of our setting forces us to understand the representa- 
tion theory of algebras U{x), where many values of x are roots of 1. We 
turn this bondage into a promising leading principle of our approach. 
We concentrate first on those bicharacters, which take values in the 
set of roots of 1. In this case the positive and negative parts of U{x) 
are finite-dimensional algebras. For these algebras we develop special 
techniques, which are very different from the usual ones for semisim- 
ple Lie algebras, based on reflections in the Weyl groupoid. With these 
techniques we are able to characterize easily the irreducibility of Verma 
modules. The characterization leads quickly to a formula for the Shapo- 
valov determinants of Verma modules by a variant of the usual density 
argument. In a next step we extend our results to more general bichar- 
acters by a new density argument. This is possible because of our good 
knowledge of the root system of bicharacters. 

The history of Shapovalov determinants started with Shapovalov's 
work |Sha72] , where he defined a bilinear form on Verma modules and 
determinants on homogeneous subspaces to obtain information on the 
reducibility of Verma modules. These structures have been general- 
ized by Kac and Kazhdan [KK79] to symmetrizable Kac-Moody alge- 
bras and by Kac |Kac79j |Kac86j to Lie superalgebras with symmetriz- 
able Cartan matrix. Shapovalov determinants have been calculated for 
quantized enveloping algebras by de Concini and Kac |dCK90j and for 
quantized Kac-Moody algebras by Joseph |Jos95] . For Lusztig's small 
quantum groups Kumar and Letzter |KL97j factorize the Shapovalov 
determinants under the assumption that the deformation parameter q 
has prime order and the base field is a cyclotomic field. Shapovalov 
determinants have been considered recently in various contexts, see for 
example |BK02j . [GS05] . |Gor06] . [XL05] . jHiIOS] . Our approach yields 
in particular an entirely new proof of the formula of de Concini and 
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Kac. In Sect. [H]we improve Kumar's and Letzter's result by allowing 
arbitrary base fields and arbitrary orders of q. 

The paper is organized as follows. In Sect. [2] the axioms of Cartan 
schemes, Weyl groupoids, and root systems are recalled. The Weyl 
groupoid of a bicharacter fits into this framework. Besides collecting 
the most important facts we introduce a character on 7J which will 
play a similar role as the linear form 2p on the root lattice. In Sect. [3] 
the definition and properties of the Drinfeld doubles U (x) are recalled. 
Sect, m deals with Lusztig type isomorphisms between two (usually dif- 
ferent) Drinfeld doubles. With Thm. 14.91 we establish a Lusztig type 
PBW basis of these algebras. Moreover, in Thm. H^Sl we develop impor- 
tant properties for g-commutators of root vectors. In Sect.[5]we start to 
study Verma modules and special maps between them. Prop. 15. Ill gives 
a criterion for bijectivity of such maps, and Prop. 15.161 identifies irre- 
ducible Verma modules. In Sect. [6] we study Shapovalov determinants 
following the approach in |Jos95] . Here our main result is Thm 16.81 
which gives a formula for the Shapovalov determinant of f/(x); where 
all values of x are roots of 1, and the root system of x is finite. Then 
we pass to more general bicharacters: Thm. 17.31 states a similar result 
for bicharacters with finite root system. We conclude the paper with 
the adaptation of our formulas to quantized enveloping algebras and 
Lusztig's small quantum groups in Sect. [H and with some commutative 
algebra in the Appendix. 

2. Preliminaries 
Let k be a field and = k \ {0}. For all ra G No and g G k^ let 

n—l n 
j=0 j=l 

where (0)^ = 1. For any finite set / let {a^ | z G /} be the standard 
basis of the free Z- module Z'^. 

2.1. Cartan schemes, Weyl groupoids, and root systems. The 

combinatorics of a Drinfel'd double of a Nichols algebra of diagonal 
type is controlled to a large extent by its Weyl groupoid. We use 
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the language developed in [CH08] . Substantial part of the theory was 
obtained first in |HY08j . We recall the most important definitions and 
facts. 

Let / be a non-empty finite set. By |Kac90l §1.1] a generalized 
Cartan matrix C = {cij)ijizi is a matrix in Z^^^ such that 

(Ml) Cii = 2 and Cjk < for all k E I with j ^ /c, 
(M2) if and Cij = 0, then cji = 0. 

Definition 2.1. Let J be a non-empty finite set, A a non-empty set, 
ri : A —>■ A a map for all i E I, and = {c'^k)j,k£i ^ generalized Cartan 
matrix in Z^^^ for all a E A. The quadruple 

C = C{I,A, (r,),e/, (C»)ae^) 

is called a Cartan scheme if 

(CI) rf = id for all i G /, 

(C2) 4 = clf"^ for all a e A and i,] G /. 

Example 2.2. Let A = {a} be a set with a single element, and let 
C be a generalized Cartan matrix. Then rj = id for all i E I, and C 
becomes a Cartan scheme. 

One says that a Cartan scheme C is connected, if the group (r^ | i G 
/) C Aut(A) acts transitively on A, that is, if for all a,b E A with a ^ b 
there exist n G N and ii,i2, ■ ■ ■ ,in £ I such that b = ■ ■ -ri^ri^^a). 
Two Cartan schemes C = C{I, A, (ri)ig/, {C'')aeA) and C = C'(/', A', 
(r^)jg/', (C"°)ag^/) are called equivalent, if there are bijections (po : I ^ 
I' and ipi : A A' such that 

(2.1) ¥^i(r.(a)) = r;„«(y.i(a)), c^^^-) = 4 

for all i,jEl and a G A. 

Let C = C{I,A, (rj)jg/, {C°')aeA) be a Cartan scheme. For alH G / 
and a E A define af E Aut(Z^) by 

(2.2) cTi"(«i) = «i - CijOi for all j E I. 

This map is a reflection. The Weyl groupoid of C is the category >V(C) 
such that Ob(>V(C)) = A and the morphisms are generated by the 
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maps 0"? G Hom(a, Tj(a)) with i G /, a G A. Formally, for a,b & A the 
set Hom(a, b) consists of the triples (6, /, a) , where 

and 6 = ^i^ - ■ - ri^ri^^a) for some G No and Zi,...,z„ G /. The 
composition is induced by the group structure of Aut(Z^): 

(«3, /2, 02) o (as, /i, ai) = (as, /2/1, ai) 

for all (03, /2, 02), (a2, /i, ai) G Hom(W(C)). By abuse of notation we 
will write / G Hom(a, h) instead of (6, /, a) G Hom(a, h). 

The cardinality of / is termed the rank of >V(C). A Cartan scheme 
is called connected if its Weyl groupoid is connected. 

Recall that a groupoid is a category such that all morphisms are 
isomorphisms. The Weyl groupoid VV(C) of a Cartan scheme C is a 
groupoid, see |CH08] . For alH G / and a E A the inverse of is cr[' 
If C and C are equivalent Cartan schemes, then VV(C) and VV(C) are 
isomorphic groupoids. 

A groupoid G is called connected, if for each a,b E Ob(G') the class 
Hom(a, b) is non-empty. Hence W(C) is a connected groupoid if and 
only if C is a connected Cartan scheme. 

Definition 2.3. Let C = C{I, A, {ri)i^i, (C")agyi) be a Cartan scheme. 
For all a G A let R" C Z\ and define = {R" n (Noa^ + Noaj)\ for 
all i,jEl and a G A. We say that 

n = n{c, (R^aeA) 

is a root system of type C, if it satisfies the following axioms. 

(Rl) i?" = i?^ U -Rl, where i?^ = i?^ n N^, for all a e A. 
(R2) i?" n Zftj = {ai, -ai} for alH G /, a G A. 
(R3) <(i?'^) = for alH G /, a G A. 

(R4) If i,j E I and a G A such that i j and m".^. is finite, then 

{rirj)"^i-J (a) = a. 

If 7^ is a root system of type C, then W(JV) = W(C) is the Weyl 
groupoid of TZ. Further, TZ is called connected, if C is a connected 
Cartan scheme. If 7^ = TZiC, {R°')a£A) is a root system of type C and 
TZ' = IZ'iC' , (-R'agyi/)) is a root system of type C , then we say that IZ 
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and TZ' are equivalent, if C and C are equivalent Cartan schemes given 
by maps ipQ : I I' , (fi : A ^ A' as in Def. I2.H and if the map 
ip*:Z^^ Z^' given by ip*{ai) = a^^(^) satisfies = ^"^'^"^ all 

ae A. 

There exist many interesting examples of root systems of type C 
related to semisimple Lie algebras, Lie superalgebras and Nichols alge- 
bras of diagonal type, respectively. For further details and results we 
refer to |HY08j and |CH08j . 

Convention 2.4. In connection with Cartan schemes C, upper indices 
usually refer to elements of A. Often, these indices will be omitted if 
they are uniquely determined by the context. In particular, for any 
w, w' e Hom(>V(C)) and a G A, the notation laW and w'la means that 
w G Hom(_, a) and w' G Hom(a, _), respectively. 

A fundamental result about Weyl groupoids is the following theorem. 

Theorem 2.5. |HY08l Thm. 1] Let C = C(/, A, W^e/, (C"')aeA) be a 
Cartan scheme and 71 = 71{C, {R°')aeA) o. root system of type C. Let 
W he the abstract groupoid with Ob(VV) = A such that Hom(VV) is 
generated by abstract morphisms G Hom(a, rj(a)), where i & I and 
a & A, satisfying the relations 

SiSila = la, {SjSk)"''^-na = la, O G A, k E I, j k, 

see Conv. \2.4\ Here la is the identity of the object a, and {sjSk)°°la 
is understood to be 1^. The functor W yV{TZ), which is the identity 
on the objects, and on the set of morphisms is given by t-^ a" for all 
i E I , a E A, is an isomorphism of groupoids. 

If C is a Cartan scheme, then the Weyl groupoid VV(C) admits a 
length function I : W(C) Nq such that 

(2.3) l{w) = mm{k G No | 3ii, . . . , G /, a G A : w = cij^ ■ ■ ■ Ci^la} 

for all w G W(C). If there exists a root system of type C, then i 
has very similar properties to the well-known length function for Weyl 
groups, see |HY08j . 
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Lemma 2.6. Let C be a Cartan scheme and IZ a root system of type 
C. Let a ^ A. Then —c^j = max{m G No | aj + mai G R"^} for all 
with i ^ j ■ 



Proof By (C2) and (R3), al'^^\aj) = aj - c'^jOi G i?^. Hence < 
max{m G No | aj + mat G -R+}. On the other hand, if aj + mai £ 
then o""(aj + mai) = aj + (— c"^- —m)ai G i?^'^"'' by (R3) and (Rl), and 



Let C be a Cartan scheme and TZ a root system of type C. We say 
that TZ is finite, if R"' is finite for all a G A. The following lemmata are 
well-known for traditional root systems. 

Lemma 2.7. [CH081 Lemma 2.11] LetC be a connected Cartan scheme 
and TZ a root system of type C. The following are equivalent. 

(1) TZ is finite. 

(2) i?" is finite for at least one a E A. 

(3) >V(7^) IS finite. 

Lemma 2.8. |HY08l Cor. 5] Let C be a connected Cartan scheme and 
TZ a finite root system of type C. Then for all a E A there exist unique 
elements h E A and w G Hom(6, a) such that |-R" | = i{w) > £{w') for 
all w' G Hom(6', a'), a', h' G A. 

2.2. The Weyl groupoid of a bicharacter. Let / be a non-empty 
finite set. Recall that a bicharacter on with values in is a map 
X : Z-^ X Z-^ ^ such that 

(2.4) x(a + c) =x(a, c)x(&, c), x(c, a + h) =x(c, a)x(c, h) 

for all a,b,c E . Then x(0, a) = x(a, 0) = 1 for all a G Z^. Let X be 
the set of bicharacters on Z-^. If x G then 




hence m < — c^-. This proves the lemma. 



□ 



(2.5) 



■°P :Z^ X Z^ ^ k 



X 



X°P(a,6)=x(6,a), 



(2.6) 



:Z-^ X Z^ ^ k 



X 



-1 



and for all w G Autz(Z-^) the map 



(2.7) w*x X Z^ ^ k^ = xiw-\a),w-\b)), 
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are bicharacters on Z^. The equation 

(2.8) {ww'rx = nj\w'*x) 

holds for all w, w' G Autz(Z^) and all x ^ ■ 

Definition 2.9. Let x ^ i P ^ i ^i-nd qij = xi'^i^'^j) for £^11 hj ^ 
We say that x is p- finite, if for all j E I there exists m G No such that 
(m + l)g,, = or ql^^Qpjqjp = 1. 
Assume that x is j^-finite. Let c^p = 2, and for all j G / \ {p} let 

= - mm{m G Nq | (m + l)g,,{qppqpjqjp - 1) = 0}. 

If X is ^-finite for all i E I, then the matrix = {cfj)ij^i is called the 
Cartan matrix associated to x- It is a generalized Cartan matrix, see 
Sect. O 

For all p G / and x G A", where x is p-finite, let G Autz(Z^), 

cr^(aj) = aj — Cp^-ttp for all j G /. 

Towards the definition of the Weyl groupoid of a bicharacter, we define 
bijections Tp : X ^ X for all p E I. Namely, let 

{cTpYx if X is p-finite, 
X otherwise. 

Let p E I , X ^ y Qij = x(Q^j) for all hj El. If x is J^-finite, then 

'^p(x)(ap,ap) =?PP, rp{x){ap,aj) =qpj qp^p\ 
rp(x)(ai, Op) =qip qpp\ rp{x){ai, aj) =qijqip "qpj "'qpp " 

for all i,jEl\ {p}. It is a small exercise to check that then (cr^)*X is 
p-finite, and 

(2.10) Cpf^ = (ij for all JG/, rHx) = X- 

The reflections Vp, p E I, generate a subgroup 

G = {rp\p E I) 

of the group of bijections of the set X. For all x E X let ^(x) denote 
the ^-orbit of x under the action of Q. 



X^X, rpix) 
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Let X ^ such that x' is p-finite for all x' ^ G{x) p & I- By 
Eq. ( ]2.10p we obtain that 

is a connected Cartan scheme. The Weyl groupoid of x is then the 
Weyl groupoid of the Cartan scheme C{x) and is denoted by VV(x)- 
Clearly, C{x) = C{x') and W{x) = W{x') for all x' e g{x). 

Example 2.10. Let C = {cij)ij^i be a generalized Cartan matrix. Let 
X e A", qij = x{o:i,0!j) for all i,j E I, and assume that q^l^ = qijQji 
for all i,j G /, and that (m + 1)^.. ^ for alH G / and m G Nq with 
m < max{— Cjj | j G (The latter is not an essential assumption, 

since if it fails, then one can replace C by another generalized Cartan 
matrix C, such that x has this property with respect to C.) One says 
that X is of Cartan type. Then x is i-finite for all i E I, and c^- = Cij 
for all i,j G /. Eq. (12.91) gives that 

rp{x){(^i,(^i) =(lii = X{(^i,(^i), 
rp(x)(ai,aj)rp(x)(aj,«i) =qijqji = rp{x)iai, onT''' 

for all p,i,j G /. Hence rp{x) is again of Cartan type with the same 
Cartan matrix C. Thus x' is ^-finite for all x' ^ S{x) cind i E I. 

Let C = {cij)ij^j be a symmetrizable generalized Cartan matrix, 
and for all z G / let di E N such that diCij = djCji for all i,j G /. Let 
g G such that (m + l)g2dj ^ for all m G No with m < —Cij for 
some j G /. Define x ^ by x(cti,«j) = g'^*'^'-'. Then x is of Cartan 
type, hence x is p-finite for all p E I. Eq. (12. 9p implies that rp{x) = X 
for all p E I, and hence ^(x) consists of precisely one element. In this 
case the Weyl groupoid W(x) is a group, which is precisely the Weyl 
group associated to the generalized Cartan matrix C. We will study 
this example in Sect. [Blunder the assumption that C is of finite type. 

2.3. Roots. Let x ^ There exists a canonical root system of type 
C(x) which we describe in this subsection. It is based on the con- 
struction of a restricted PBW basis of Nichols algebras of diagonal 
type. Nichols algebras are braided Hopf algebras defined by a univer- 
sal property. More details can be found in |AS02] on braided Hopf 
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algebras and Nichols algebras, in [Kha99j on the PBW basis, and in 
[HecOGbj on the root system. 

Let V e ^^yX) be a |/|-dimensional Yetter-Drinfel'd module of di- 
agonal type. Let b : V ^ Yll ® V and • : kZ^ ® V ^ V denote 
the left coaction and the left action of kZ^ on V, respectively. Fix 
a basis {xj \i G 1} of V, elements Qi, where i E I, and a matrix 
£ ik'^y^^ , such that 

^{xi) = Qi® Xi, Qi • Xj = QijXj for all i,j G /. 

Assume that xi'^ijOij) = Qij for ^ill i,j G /. For all a G define the 
"bound function" 

{min{m G N | = 0} if = 

for some m G N, 
oo otherwise. 
If p G / such that x is p-finite, then 

(2.12) 6''^(^)(a^(a)) = 6>^(a) for all a G 
by Eq. (ETD- 

The tensor algebra T{V) admits a universal braided Hopf algebra 
quotient 23 (V), called the Nichols algebra of V. As an algebra, ^(V) 
has a unique Z^-grading 

(2.13) "BiV) = ®^^^i^{V)o. 

such that degXj = for all i E I. This is also a coalgebra grading. 
There exists a totally ordered index set (L, <) and a family (?/z)zgl of 
Z-'^-homogeneous elements yi G 23 (V) such that the set 

{yrvr ■ ■ ■ C I ^ > 0, /i , . . . , 4. e L, /i > /2 > ■ ■ ■ > 4, 

nii G N, mj < &'*^(deg ?/;.) for all z G /} 
forms a vector space basis of ''B{V). The set 
(2.15) Rl = {degyi \IeL} cZ^ 

depends on the matrix {qij)ij<zi, but not on the choice of the basis 
{xi I i G /}, the set L, and the elements Qi, i E I, and yi, I G L. Let 

R^ = RlU -Rl. 
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Theorem 2.11. |Hec07l Thm. 3.13] Let x ^ such that x' is p-finite 
for all pel. x' e Gix)- Then 7^(x) = 7^(C(x), {R^')x'eg{x)) «s « root 
system of type C{x)- 

Roots with finite bounds often play a distinguished role. For all 
xeX let 

(2.16) Rl^^ = {(3eRl\bHP)<oo}, Rl^ = Rl\Rl^^. 
We will use several finiteness properties of bicharacters. 



(2.17) 




= {xex 


X is p-finite for all p G /}, 


(2.18) 




= {x^x 


x' is p-finite for all x' £ Gix)^ P ^ ^} 


(2.19) 




= {xex 


R^ is finite}, 


(2.20) 




= {x^x 


R^ is finite, Rl = Rl^J, 


(2.21) 


X, 


= {xex. 


x(tt, «) 7^ 1 for all a G -R+}. 



Clearly, Xi D for 1 < i < j < 5. By Eq. (12TTD . x e A's if and only 
if R^ is finite and x(f^, a) is a root of 1 different from 1 for all a G R\. 

Lemma 2.12. Let x,x' ^ X2. 

(i) If R\ = rX, then C^'^ = C"'^ for all w G Hom(x,_) C 
Hom(W(x)). 

(ii) Assume thatx,x' e X3. IfC"'^ = C"*^' for all w G Hom(x,_) C 
Hom(W(x)), then Rl = R^ . 

Proof. By Thm. 12.111 7^(x) is a root system of type C(x)- 

(i) Assume that R\ = R\ . Then = C^' by Lemma [2l6l Therefore 
erf = af in Aut(Z^). Since x? x' ^ X2, by induction it follows that 
a,^... al = a,, ■ ■ ■ ajl in Aut(ZO and C^'^^-^^*^ = C^''^-^'^*'^' for all 
A; G No and ii, . . . , 4 G /. Hence C"*^ = C"'^' for all w G Hom(x, _) C 
Hom(>V(x)). 

(ii) Since x ^ '^a, -R^ = {w^^icti) \ w G Hom(x,_) C Hom(>V(x))} by 
|CH08l Prop. 2.12]. By assumption on the Cartan matrices, ■ ■ ■ 0"^^ = 
(Tj^ ■ ■ ■ af^ in Aut(Z^) for all G No and ii, . . . , i/c G /. Hence i?-*^ = i?'^', 
and the lemma holds by (Rl). □ 

For our study of Drinfel'd doubles we will use an analog of the sum of 
fundamental weights, commonly known as p. More precisely, we define 
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a character version of the hnear form (2p, ■), where (■, ■) is the usual 
bihnear form on the weight lattice. 

Let W = Hom(Z^,k^) denote the group of characters of with 
values in k^. 

Definition 2.13. Let x e A". Let e7/ such that 
p^(aj) = x(Q^'t) (^i) for ^-ll i E I. 

Lemma 2.14. Let x ^ ^ , P ^ I , o,nd h 
Then x is p-finite and 

x{ap,Pt-\{P,apf-'-- 

for all 13 e Z^. 

Proof. Define ^i, ^2 : ^ by 

Then ^1,^2 ^ Thus it suffices to prove that ^i(aj) = ^2(«j) for 
all j G /. Let qjk = x{(^j^C(k) for all j,k G /. Then q^^ = 1 since 
(^)gpp = 0- Moreover, 

=xiaj - c^j^p, Oij - c^jap) = qjjiqpjqjpy^^^qpp " 

for all j & I- 

By assumption, x is p-finite, and hence for all j G / \ {p} we have 
Qpp = 1pj(ljp or qpp " = 1. Let j G /. If qpl' = qpjqjp, then 

= g^/p^^^'^H^p^l",)) = g^/p'^^'H". - = qpf'\ 



= ^''^(ap). Assume that b < 00. 



«IPJ rrjTx • 

P^{P) 
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and hence ^i(aj) = ^2(«j)- Otherwise 6=1 — c^-, qpp = qpp, and then 

p''''^^\ap) = Qpp, p''p^^\aj) = qjjiqpjqjpyp^qpp, 

Hence ^i(ttj) = ^2{c(j) also in this case. This proves the lemma. □ 

3. Multiparameter Drinfel'd doubles 

In this paper we study Verma modules for a class of Hopf algebras in- 
troduced in |Hec07j . This class contains multiparameter quantizations 
of semisimple Lie algebras and basic classical Lie superalgebras. The 
precise definition is given in Eq. fl3.14p . It uses the Drinfel'd double 
construction and the theory of Nichols algebras. 

The Drinfel'd double [Jos95l Sect. 3.2] can be defined via a skew-Hopf 
pairing of two Hopf algebras or as the quotient of a free associative 
algebra by a certain ideal, see also Rem. 13. 3[ The first approach is 
more technical, but also more powerful. We present here the second 
definition. For proofs see |Hec07] . 

Let / be a non-empty finite set, x ^ bicharacter on Z-^ with values 
in k^, and qij = for all hj ^ ^ Let be the unital 

associative k-algebra with generators Ki, K^^, Li, Lj^ , Ei, and Fi, 
where i & I, and defining relations 



(3.1) 


XY = YX for all X,Y e {Ki,K-\ Li,, 




(3.2) 




ULi' = 


1, 


(3.3) 


KiEjK-^ =qijEj, 


LiEjL^ ^ = 




(3.4) 


K,F,K-'=q^F„ 


LiFjLj^ = 




(3.5) 


EiFj—FjEi = Sij{Ki 


-Li), 





where i,j G /, and denotes Kronecker's 5. The algebra hl{x) can 
be given a Hopf algebra structure in many different ways. We will use 



(3.6) <^ 
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the unique Hopf algebra structure determined by 

£(i^,)=l, £(S.) = 0, e{U)=l, £(F,) = 0, 

A{Ki)=K,^Ki, A{U)=U®L,, 
A{Kr^) = ® K-\ A{L-') = L;^ ® L-\ 

A{Ei) =Ei®l + Ki®Ei, A{Fi) =1® Fi + Fi^U 
for all z G /. 

Let U~^^,U~^, and denote the commutative cocommutative Hopf 
subalgebras of V({x) generated by {Ki, K^^ \ i E I}, {Li,L^^ \ i E I}, 
and {Ki, K^^, Li, | i E /}, respectively. They are isomorphic to the 
ring of Laurent polynomials in |/|, |J|, and 2|/| variables, respectively, 
in the natural way. For any a = ^ let Ka = Yliei 

and = Uiei ^T' ■ 

Let V"''(x), s-iid V~(x) denote the subalgebras of 

Uix) generated by {Ei\t E /}, {Ei,Ki,Kr^\i E /}, {F,\i E /}, 
and {Fi, Li, Lj^ \ i E I}, respectively. Then V^{x) and V~(x) are Hopf 
subalgebras of hi{x)- 

The algebra U (x) admits a unique Z^-grading 

U{x) = ®p&iU{x)p, 
lGW(x)o, C W(xW^ for all A 7 gZ^ 

such that Ki, K'^, Li, Lr^ E U{x)o, Ei E U{x)a,, and Fi E U{x)^a, for 
all i E L Let 

K = {J^a^ailai E Nq} C , 

i&I 

and for any subspace W C U{x) and any [3 ElJ let Up = W f\U{x)i3- 
Then 

For all (3 eZ^ let 

(3.8) \(3\ = Oj G Z, where /3 = ^^ajaj. 

is/ iei 

The decomposition 

(3.9) W(x) = ©mGzW(x)m, where U{x)m = ®f}:m=nM{x)p, 
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gives a Z-grading of lA (x) called the standard grading. 

Proposition 3.1. Let x G A". 

(1) Let a = (ttj I i G /) G (k^)^. Then there exists a unique algebra 
automorphism if a ofU{x) such that 

(3.10) ipa{Ki) = Ki, (pa{Li) = Li, (pa{Ei) = aiEi, ipa{Fi) = aj'^Fi. 

(2) There is a unique algebra antiautomorphism Q ofU{x) such that 

(3.11) n{Ki)=K,, n{L,)=L„ n{E,)=F,, n{F,) =E,. 
It satisfies the relation = id. 

Lemma 3.2. For all i ^ I there exist unique linear maps df ,df G 
Endk(W+(x)) such that 

[E, Fi] = d^{E)Ki - Lid^iE) for all E G W+(x). 

The maps df , G Endik(W^(x)) o'^e skew- derivations. More precisely, 

(3.12) 9f (1) = (1) = 0, df{E,) = df{E,) = 

d^{EE') =d^{E){K,.E') + Ed^{E'), 
d^EE') =d^{E)E' + {L-KE)dt{E') 

for all ijel and E, E' G W+(x)- 

Let X"'"(x) be the unique maximal ideal of W"'"(x) such that T~^{x) C 
kere and df(2^{x)) C I'^ix) for all i G /. Equivalently, X+(x) is the 
unique maximal ideal ofU~^{x) such that X"'"(x) C e and d^i2~^{x)) C 
I+{x) for all i G /, see |Hec07l Prop. 5.4]. Let J-(x) = n{I+{x)). Let 

u^ix) =w+(x)/x+(x), u~ix) =w-(x)/x-(x), 
vHx) =v+(x)/x+(x)w+°, \/-(x) =v-(x)/X'(x)w-°, 

and 

(3.14) t/(x)=W(x)/(X+(x),X"(x)). 
The canonical inclusions W^(x) C W(x), W° C W(x) induce maps 
6+ : f/+(x) - t/(x), 60 : W° -> f/(x), 6_ : f/^(x) ^ f/(x). 
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Remark 3.3. (i) The vector space V = (Bi^ikEi is a Yetter-Drinfel'd 
module over the group algebra kZ^ k[Ki, K'^ \ i e I] C where 
the left action • : kZ^ 0V and the left coaction 6 : V ^ kZ^ (g) V 
are defined by 

Ki ■ Ej = QijEj, 6{Ei) = K,®Ei 

for all i, j G /. The algebra U^{x) is commonly known as the Nichols 
algebra of the Yetter-Drinfel'd module V . 

(ii) There are various descriptions of the ideal X^(x), see e. g. |AS02j . 
In case of quantized enveloping algebras, see Sect. [8], Serre relations 
generate the ideal X^[x)- A more general case is studied by Angiono 



Ang08|. For quantized Lie superalgebras the defining relations are 



determined in |Yam99l lYamOl] . It is in general an open problem to 
give a nice set of generators of X"'"(x), see |And02l Question 5.9]. 

Proposition 3.4. (Triangular decomposition) The map 

m(6_ (g) 6o ® i+) : U~{x)®U^ ®U+{x) U{x) 

is an isomorphism of Z^ -graded vector spaces, where m denotes the 
multiplication map. 

Following the convention in [Jos95l Sect. 3.2.1], a skew-Hopf pairing 
?7 : A X i? ^ k, (x, I/) (— > ?7(x, y), of two Hopf algebras A, i? is a bilinear 
map satisfying the equations 

(3.15) r/(l,y) =e(y), r/(x, 1) = 

(3.16) ri{xx',y) = r/(x', y(i))r/(x, ?/(2)), vi^^Vy') =v{x{i),y)v{x{2),y'), 

(3.17) viSix),y)=rjix,S-\y)) 

for all x,x' E A and y, y' G B. 

Proposition 3.5. (i) There exists a unique skew-Hopf pairing 7] of 
V~^{x) and V~{x) such that for all i,jEl one has 

ri{Ei, Fj) = -Sij, r]{Ei, Lj) = 0, r]{Ki, Fj) = 0, ri{Ki, Lj) = qij. 

(ii) The skew-Hopf pairing rj satisfies the equations 

rj{EK,FL) = r]{E,F)r]{K,L) 
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for all E e F e U-{x), K e and L e 

^zm; ///5,7 e with [3 ^ -i, E e U^{x)fi, F e U~{x)-i, then 
V{E,F) = 0. 

(iv) The restriction oft] toU~^{x) xU^{x) induces a non-degenerate 
pairing t] : U^{x) x U~{x) k. 

Proof, (i) and (ii) are |Hec07t Prop. 4.3]. (iii) follows from the definition 
of rj and since is a Z^-homogeneous map. (iv) was proven in |Hec07t 
Tlim.5.81. □ 



By the general theory, see |Jos95t 3.2.2], the pairing i] in Prop, 
can be used to describe commutation rules in U{x) U{x)- Namely, 

(3.18) yx =r/(x(i), 5(y(i)))a;(2)y(2)r/(x(3), 2/(3)), 

(3.19) xy =r/(x(i), y(i))y(2)X(2)r/(x(3), 5(y(3))) 

for all X G V^(x) and y G V^(x)- Note that the second formula follows 
from the first one and Eqs. fl3.15p - fl3.16p . 

Later we will also need some other general facts about U{x)- Some 
of them are collected here. Let 

(3.20) f/+,(x) =ker9f C f/+(x), fZ+Jx) =ker9f C f/+(x), 

(3.21) =mtK), =mtL)- 
Recall the definition of in Eq. f l2.1ip . 

Lemma 3.6. Let i ^ I. 

(i) Let m G N. The following are equivalent. 

• = m U{x), 

• Fr = Oin U{x), 

• m> b^{ai). 

(ii) Let k[Ei] and k[Fi] be the subalgebras of U{x) generated by Ei 
and Fi, respectively. The multiplication maps 

ut^^{x) ® HE.] -> f/+(x), HE,] ® f/+,(x) ^ t/+(x), 
f/+jx) ® HEi\ ^ [/+(x), ^E,] ® u^M ^ u+ix), 

Ur^ix) ® m] - U^ix), m] ® Ur^ix) - U^ix), 
U7,{x) ® m] - U-{x). m] ® UrJx) - U-{x). 
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are isomorphisms of -graded algebras. 

Proof, (i) is standard in the theory of Nichols algebras. It follows from 
Eqs. (13.121) . (13.131) and the definitions of ^~{x)- The proof 

of (ii) for U^{x) can be performed as in [HecOGb] . The formulas with 
U-{x) follow from those with U+{x) and Eqs. (Km . (Km . □ 

Lemma 3.7. Let m, n G Nq and p & I . Then 

min{m, n} ^ ^ i 

i=0 j=l 

Proof. For n = the claim is trivial. By |Hec07l Cor. 5.4], 

Hence the lemma holds for n = 1. It suffices to check the claim for m > 
n, since then it also holds for m < n using the algebra antiisomorphism 
Q. The proof of the lemma for m > n is a standard calculation by 
induction on n. □ 



4. An analogue of Lusztig's PBW basis 

Let X ^ s-iid p E I. Assume that x is p-finite. Let qij = xi^^i^ (^j) 
and Cpi = for all i,j G /. 

For all m G No and i E I \ {p} define recursively Ef^ G t^Q.+mop) 



Etfl =Ei, 




- {Kp.E^^)Ep, 


Eifl =Ei, 


Ei^m+1 ~ EpE-^^ 


- iLp-E~m)Ep, 




Tp+ p p+ 


— [Lp.F^^Fp., 


Eifl =Ei, 




— (Kp.F^j^)Fp. 


We also define E^_-^ = E 


;- — P+ — F~ - 


= 0. The above definitions 



depend essentially on p. If we want to emphasize this, we will write 
E^mip) and instead of E^^ and respectively. 

For alH G / \ {p} define 



Cpi 1 

= i-Cpi)gpp n (^Pplpi^iP - 
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Then 7^ by definition of Cpi = c^j. 

Tlie next tlieorem was proven in jHecOTl Tlim. 6.11]. 

Theorem 4.1. Let x ^ X and p E I . Assume that x is p-finite. Let 
Cpi = Cp. for alii e I. 

(i) There exist unique algebra isomorphisms Tp^T^ : U{x) ~^ U{rp{x)) 
such that 



Tp{Kp) 


=T;{Kp) = K;\ 


Tp{K,) 




Tp{Lp) 


=Fp (Lp) = Lp^, 


TpiL.) 


=T-(L,) = l.l;'^-, 


Tp{Ep) 


=FpLp^, 


Tp{Ei) 


—Ft-c 1 


TpiFp) 


=Kp^Ep, 


TpiF,) 




Tp-iEp) 


=K~^ F 


Tp{Ed 


=Hrp{x~')r'Fr_^^^ 


Tp-iFp) 


=FpLp'^, 


T;{Fd 


= hir-Fr_^^^. 



(ii) The maps Tp, T^ satisfy TpT^ = T^ Tp = id,7(^). 
(Hi) There exists a unique a G (k^)^ such that TpQ = QT~(fa in 
Hom(f/(x),t/(rp(x))). 

Note that TpT~ is an automorphism of U{x) if regards T~ as 
a map from U{x) ^ U{rp{x)) and Tp as a map from U{rp{x)) to 
UiTpTpix)) = U{x). 

Proposition 4.2. Let x ^ ^ cind p & I . Assume that x is p-finite. 
Then 

Tp{U{x)a) = U{rp{x))a^(a) foT all a^ll . 

Proof. The maps Tp : U{x) ~^ U{rp{x)) and T~ : U{rp{x)) U{x) are 
mutually inverse algebra isomorphisms, and send generators of degree 
a into the homogeneous component of degree o"p(a). □ 

Lemma 4.3. Let x ^ '^nd p ^ L Assume that x is p-finite. Then 

Tpiu+M) =K,Kirpix)), Tp{u;^j,{x)) =u;Arpix)), 

T;{U;^k{x)) =U;^L{rp{x)). =U-K{rp{x)). 

Proof. Since x and rp{x) are p-finite, |Hec07t Prop. 5.10] and |Hec07t 
Prop. 6.7(d)] give that 

Tp{u;^M) c u^^Arpix)), T-{u;^^{Tp{x))) c f/;jx). 
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Thus Tp{Up];^{x)) = Up j^{rp{x)) by Thin. I4.1( ii). Similar arguments 
yield that T~{Up^^{x)) = Up j^{rp{x))- The remaining two equations 
can be obtained from these and Thm. I4.1( iii). □ 

In the rest of the section assume that x ^ '^s- Let n = \R^\ G N. The 
following construction generalizes the Poincare-Birkhoff-Witt basis of 
quantized enveloping algebras given by Lusztig. 

Let ii,i2, ■ ■ ■ ,in G / such that i{l^ai-^ai^ ■ ■ ■o"i„) = n. For all u G 
{l,2,...,n} let 

(4.1) = l^ai,ai^...ai^_^{ai^). 

Then the elements P^, 1 < < n, are pairwise different and 

(4.2) Rl = <iy <n} 

by |CH08l Prop. 2.12]. For all z/ G {1, 2, . . . , n} let 

(4.3) Ep^ = El = T,, . . .T,,_,(i?.J, Fp^ = Fl = T,, . • .T,„_,(F,J, 

(4.4) Ep^=El=Tr...Tr_^{E,^l F^. = Fl = . . . Tr^^iF^ 

where Ei^,Fi^ G U{ri^_^ . . .ri^ri^{x))- Then 

(4.5) Ep^,Ep^ G f/+(x)/3., Ff,^,Fp^ G U-{x)-p. 

for all z/ G { 1 , . . . , n} by [B.ec07\ Thm. 6.19], Thm. [HKiii) and Prop. 1121 

Lemma 4.4. Assume that x G A3. Let z/ G {1,2,..., n}, and assume 
that b^{f3^) < 00. Then E^^^^"^ = Fj^y^^ = zn U{x). 

Proof. By Eq. f l2.12p and since Tj is an isomorphism for each z G /, it 
suffices to prove that ("'^ = i^'' ^"'^ = in U{x') for all x' G A" and 
i G / with b^' (ai) < 00. This follows from Lemma 1X61 (1) . □ 

Theorem 4.5. Assume that x G A3. Let n = \R^\ G N. Both sets 

(4.6) {i^^^i?^^ ■ ■ ■ El- I < < b^/3,) for all u e {1,2, ... ,n}}, 

(4.7) {^^^^^^ ■ ■ ■ EJ; I < < b^/3,) for all u E {1,2, ... ,n}} 

form vector space bases ofU'^{x)- 
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Proof. We prove the claim for the basis in Eq. (14.61) . For the other set 
the proof is analogous. By Eqs. ( 12.15^ and ( 14. 2p . 



dim[/+(x)« = {(mi, ma, . . • ,m„) G Ng | ^m^,/?^ = a, 

rriy < b^{P„) for all u e {I, . . - ^n}} 

for all a G Nq. Since degEp^ = [3^ for all G {1,2, . . . ,n}, it suffices 
to show that for all // G {1, 2, . . . , n + 1} the elements of the set 

{i?;;^;;;/ ■ ■ ■ EJ: | O < m, < b^{P,) for all z/ G {/i, /i + l, . . . , n}} 

are linearly independent. We proceed by induction on + 1 — /x. If 
H = 77, + 1, then the above set is empty, and hence its elements are 
linearly independent. 

Let now /i G {1,2,..., n}. For all m^, . . . , m„ G No with m^, < h^{(3v) 
for all u G {//, + 1, . . . , n} let am^,...,m„ G k. Assume that 

(4-8) E ■ ■ ■ = o 

mp,...,m„ 

in f/+(x). Let = T-.-.TrTr. Since T-(EftJ = rr(E,J = 
K^^Fj , we obtain that 

5^ a^,,...,^„(JC/Fv)™''2^"(^/3.+J'"''"^ ■ ■ ■^^"(^/^J'"" = 0. 

m^,...,m„ 

Since T'^E^^) G t/+(ri^ ■ ■ ■^^ia'^nlx)) for all G {/i + 1, + 2, . . . , n}. 
Prop. 13.41 implies that 

J2 Cin.,,m,^.,...,mT-{Ep^^T''^^ ■ ■ ■T-(EftJ-" = 
m^+i,...,m„ 

for all m^ G No, m^ < b'^{i3^). Therefore 

mp+l,...,m„ 

for all m^ G No, m^ < b^{P^). Then am^,m^_^i,...,m„ = for all 
(m^, . . . , m„) by induction hypothesis, which proves the induction step. 
Thus the theorem holds. □ 



22 I. HECKENBERGER AND H. YAMANE 

Lemma 4.6. Assume that x ^ '^3- Then keT{d^ : U~^{x) ^ U~^{x)) 
coincides with the suhalgehra ofU^ix) generated by the elements Ep^, 
G {2, 3, . . . , n}. The set 

(4.9) [EJ^'EJ^ ■ ■ ■ EJ: I < < for all z/ G {2, 3, . . . , n}} 

forms a vector space basis of ker . 

Proof. Let z/ G {2, 3, ... , n}. By [Hec07l Lemma 5. 10] and Lemma 14.41 
there exist m G Mq and xo,xi, . . . ,Xm G kerd^ such that m < b^{aij 
and Ef3_^ = E"=o^M^^v Then 

m 

^l=o 

Moreover, T^~(x^) G U^{ri^{x)) for At G {0,1,..., m} by |Hec07l 
Prop. 5.19, Lemma 6.7(d)]. Since T~{Ej3^) G f/"''(rj^(x)), triangular de- 
composition of U{rij^{x)) imphes that = for all fi > 0. Hence 
Ej3^ = Xq G kerd^. Then the claim of the lemma follows from the 
inclusions 

{Ep^ I «: G {2, 3, . . . , n}) C ker 9f C © kE^^' ■ ■ ■ EJ^ , 

{m2,m^,...,mn) 
0<m„<i)X(/3„)for all K 

where the second inclusion is obtained from Thm. 14.51 and the formula 

d^.iEl^E;: . . . EJ:) = {m,),^^^E;r'K.. ■ {E;: . . . El"). 

□ 

Remark 4.7. The analogous version of Lemma IT6] for ker d^_^ is obtained 
by replacing E^^ by Ep^ for all u E {2, 3, ... , n}. 

Theorem 4.8. Assume that x G X^. Let n = \R^\ G N. Then 

Ep.Ep,. - xi/3,. Pu)Ep^Ep^ e{EpJfi<K<iy) C t/+(x), 
Ep.Ep^ - x^\P.,P,)EpJl3, e{Ef,Jfi<K<u) C f/+(x), 
Fis.Fi,^ - x{f3u.f3,)Ff,^F(,^ e {F^J < k < u) C U~{x), 
h,Fp. - X-\P^,f3u)FpA &{F/3jf^<K<u)c U~{x) 
for all fijU E {1, 2, . . . , n} with fi < u. 
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Proof. We prove the first relation for fi = 1 and all u G {2,3, ... ,n}. 
Then the first relation for /i > 1 follows from 

Ep^E^^ - x{f3„ ^u)Ep^Ep^ = T,, ■ ■ ■ T,^_, [E.^E'^ - x{f3„ f3.)ElEj, 

where E^ = Ti^^ ■ ■ ■ Ti^_^ (Ei^), by using the case /i = 1, Eq. (12.71) and the 
first relation in f l4.5p . The proof of the second relation of the theorem 
is similar. The third and fourth relations can be obtained from the first 
two by applying Q and using the formulas 

(4.10) ^(E^jGkXF^^, fi(E^J ek><F^^, Ke{l,2,...,n}, 

which follow from Thm. I4.1( iii). 

Let u G {2,3, ... ,n}. For all (mi, m2, . . . , m„) G Nq with < 
b^iPn) for all KG {1,2, ... ,n} let ami,...,m„ ^ k such that 

(4.11) E,,Ef,^-x{a.,,P.)Ep^E,^= Yl <^m.,-,m.EJl ■ ■ ■ Ef: . 

mi,...,m„ 

The numbers ami,...,m„ ^ k exist and are unique by Thm. 14.51 Let 
Xu = ■ ■ ■ ri^ri-^{x)- Apply to Eq. (14.111) the isomorphism T~ = 
Tr... Trjr e Hom(f/(x), U{xu)). For all k G {1, 2, . . . , u}, 

T^---T^Tr{E,J=Tr...T^^Tr(Ej 

=T-...T-jK-^EjeU-{xu)U' 

by Eq. Hence 

J2 a^,_^T-{E-^ . . . E-;)T-{E2l\^ ■ ■ ■ E™") 

mi,...,m„ 

= T-{E,,Ep^ - x{a,„P,)Ep^Ei,) G t/-(x.)W°. 

By triangular decomposition of U{x) it follows that ami,...,m„ = for 
all {nil, ■ ■ ■ 1 nin) with > for some k G {u + 1,1/ + 2, . . . , n}. 

By Lemma IMl ^/3, e ker^/^. Hence ^ii^/j, - xi^h, Pu)Ei3,Ei^ G 
kerc^j^ by Lemma |3.2[ Thus Lemma 14.61 implies that ami,...,m„ = 
whenever mi > 0. 

Suppose that there exists (mi, . . . , m„) with rriu > and ami,...,m,„ 7^ 
0. Since Ei^Ep^—x{oii^, Pv)Ep^Ei^ is Z^-homogeneous of degree ai^+[3y, 
the only possibility is that mi = 1, m^ = 1, and m^ = for all 
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K ^ {1, u}. Since ami,...,m„ 7^ 0, this is a contradiction to the previous 
paragraph. Thus the theorem is proven. □ 

Next we prove a generahzation of Thm. 14. 51 

Theorem 4.9. Assume that x G ^'3. Let n = and let t be a 

permutation of the set {1,2, . . . ,n} . Then the sets 

■ ■ ■ I < < ^M/^^) forallue{l,2,...,n}}, 

■ ■ ■ l O < < b^^^) for allue{l,2,...,n}} 
form vector space bases ofU~^{x), and the sets 

[pZ^Z^' ■ ■ ■ ^ZZ' I < < b>^{f3^) forallue{l,2,...,n}}, 
{^ZT^'^ZZ' ■ ■ ■ ^ZZ' I < < b^P,) for all ue {1,2,..., n}} 
form vector space bases ofU~{x)- 

Proof. It suffices to prove that the ffist set is a basis of U^{x)- Indeed, 
the proof for the second set can be obtained by using the maps T~ , 
where i & I, instead of Tj. The second part of the claim follows from 
the first part by applying the algebra antiautomorphism VL and using 
Eq. dHUD. 

For any m = (mi,...,m„) G Nq let |m| = "2^1/5/^1, where 

|a| = ^ = ^ ^0- Let be the (additive) 

monoid Nq equipped with the following ordering: 

mf < m ^ \m\ < \m\ or |m'| = \m\, m <iex ZHy 

where <iex means lexicographical ordering. We use the convention 
m <iex EL- The ordering < is a total ordering. For all m G Nq define 

:f^u^x) = , © , kE;} e;} . . . e;: c m ■ 

m £N,nv <m 

The vector spaces T—U^{x)i where m & N , are finite-dimensional, 
since the degrees of their elements are bounded. Moreover, 

T'u+ix) = ki, t^u+{x):f^u^{x) c :f^^^u+{x) 

for all m,rn/ & N by Thm. 14.81 and since U~^{x) is Z^-graded. Thus JF 
defines a filtration of U~^{x) by the monoid A^, and the corresponding 
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graded algebra 

m&N \ , ^ — ^, , / 

m < m , m ' 

is a skew-polynomial ring in n variables by Thm. 14.81 By a standard 
conclusion we obtain that the first set in the claim of the theorem is 
indeed a basis of f/+(x)- □ 



5. Verma modules and morphisms 

We consider Verma modules for the algebras U{x)i X ^ ^- We 
observe that the fundaments of the theory of Verma modules for quan- 
tized enveloping algebras can be carried over to a great extent to U{x)- 
New phenomena appear if some generators of U{x) ^-^'s nilpotent. 

Let K be a field extension of k. Let Hom(W'^,]K^) denote the set 
of K^-valued characters (algebra maps from to K^) of the group 
algebra U^. For all x £ there is a natural group homomorphism 

(5.1) e : ^ Hom(W°,KX), e(a)(i^'^V) = x(A «)x(«, 

for all a, (3, (3' G . If x ^ and p E I such that x is p-finite, then 

(5.2) C^W(a^^(a))(K.x(^)L,x(^,)) = e(a)(A>V) 
by Eq. fl2Tl) . 

Let X ^ Given a K^-valued character A G Hom(W°, K^), one can 
regard K as a one-dimensional f/"'"(x)W°-module with generator 1a = 1 
via 

(5.3) uEIa = e{E)A{u)lA for all E G U+{x), u G 
We write Ka for this module. 

Definition 5.1. A Verma module of U{x) is a t/(x)-niodule of the 
form 

M^{A) = U{x) ®u+ix)u^ D^A, where A G Hom(W°,K^). 
We write v\ or just for 1 ® 1a G M^(A). 
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Any Verma module is also a K-module via the K-module structure 
of the second tensor factor. 

Let A G Hom(W°,]K^). Triangular decomposition of U{x) gives the 
following standard fact. 

Lemma 5.2. The map t/~(x)®iklK — > M^(A), u®x i— >■ uxva = u0x1a, 
is an isomorphism of vector spaces over K. 

The isomorphism in Lemma \572\ and the Z^-grading of U~{x) induce 
a unique Z^-grading on M^{A) such that 

(5.4) M^(A)« = f/-(x)a®kKA for all a gZ^ 
Then 

(5.5) M^(A)o = Kv^, U{x)aM''{A)p C M>^(A)„+^ for all G Z^. 

Moreover, M^{A)a implies that -a G Ng. 

The group algebra acts on M^(A) via left multiplication. This 
action is given by characters: 

(5.6) uv = {A + C''{a)){u)v for all n G a G Z^ w G M'^(A)«, 

see Eqs. (O), (lEl, (O, and O. 

Let A G Hom(W°, K""). The family of those t/(x)®klK-submodules of 
M^(A), which are contained in (Baj^oM^{A)a, have a unique maximal 
element /'^(A). Let 

(5.7) L^(A) = M^(A)/J^(A) 

be the quotient f/(x)-module. The maximality of /^(A) implies that 

/^(A) = {I^{A) n (f/-(x) ® 1))K 

and that L^(A) is Z^-graded. For all a G Z-^ let 

I^{A)^ = M^AU n /^(A), L>^(A)„ = M>^(A) J/^(A)„. 

Since M'*^(A)o = IKi;a, and any Z^-graded quotient of M^(A) by a 
f^(x) ®kIK-submodule containing va is zero, L^(A) is the unique simple 
Z-'^-graded U{x) ®k K-module quotient of M^{A). 
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Definition 5.3. Let A G Hom(W°, K^) and V a Z-'^-graded subquotient 
of M^(A). The (formal) character of V is the sum 



chV= ^(dim\/_„)e-°, 



where e is a formal variable. 
Eq. (15 ■4p implies that 



(5.8) chM^(A) = ^ dimt/~(x)-ae" 



for all A G Hom(W°,K^; 

Remark 5.4. For all a,(5 we let e"e^ = e""*"^. Thus we can consider 
formal characters as elements of the ring UQ,gp^/e"Z[[e~"' | i G /]], where 
e"Z[[e-°» 1 2 G /]] C e"+^Z[[e-°' | i G /]] for all a, /3 G in the natural 
way. 

From now on let x ^ ^ , P ^ I, ond b = b^{ap) = If'^^^^ap). Assume 
that b < oo. Then x and rp[x) are p-finite. We deduce some phenomena 
which arise from the finiteness assumption on b. 

For all A G Hom(ZYO,K^) define t^{A) G Hom(W°,K^) by 

(5.9) t?(A)(/f„L,) = A(/f^,„,^,L^,„,^,)^W||^ 
for all a,/9 G . By Eq. (12. 7p this is equivalent to 

(5.10) tx(A)(i^^.x(,)L.x(,)) = HK.L,)^^^^ 

for all G 

Recall the definition of from Def. I2.13[ 



Lemma 5.5. Lei A G Hom(W°,K><). Then 

p^>W(a,^(a)) t,^(A)(JCx(.)L;^(„p = p^(a) A{K^L-J) 
for all a G anc? p ^ I. 

Proof. Insert Eq. (15.101) and use Lemma I2.14[ □ 
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Example 5.6. Let C be a symmetrizable Cartan matrix and g G k^, 
X G A* as in the second part of Ex. 12.101 In particular, Cij) = Q'^''^'^ ■ 
Let p E I . Assume that h = b^{ap) < oo. Then g^rfpfc _ hence 
q2b{a,a,) ^ ^ ^jj ^ ^ Further, rp{x) = X- 

Let A G Hom(W°,K^). Assume that A{KaL-^) = q'^^"'^^ for some A 
in the weight lattice. Then 



which recovers the dot action of the Weyl group on the weight lattice. 

If we consider a composi 
we will always assume that 



If we consider a composition tf , where i,j G /, x'? x" ^ then 



X' = r,{x"). 

For simplicity, we will omit the upper index x' if it is uniquely deter- 
mined by another bicharacter in the expression. 

Lemma 5.7. Let A G Hom(W°,K^). Then tpt^{A) = A. 

Proof. By Eqs. (15. 9p and f lS.lOp . and since ^^(x) = x, 

for all a,/? G This proves the lemma. □ 
Lemma 5.8. Let A G Hom(W'^, K^) . There exist unique 'K-linear maps 

% = f^,A, f- = 7;^X" : M^^W(t^^(A)) ^ M>^(A), 
such that for all u G f/(x); 

IfV C M^>W(t^(A)) IS a U{rp{x))-submodule, then fp{V),f-{V) are 
U{x)-submodules of M^{A). 

Proof. The uniqueness of the maps Tp, T~ is clear. We prove that Tp 
is well-defined. The proof for T~ is analogous. 
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Let x' = ^p(x) and A' = tp(A). By Lemma [5^2] and Thm. 14.91 

M'^(A)„^.+,„^ = = M^{K).,^^ for all a G Z. 
Thus, since degTp{Ej) = a^' (aj) for G 

Tp(i?,)i^"^^A e M>^(A)^^^(^_,__^.,^^^ = for all j e /. 
Moreover, Eqs. ([33D, flSTTOD give that 

= A'(A',x(,)L,x(^))F;-1i;a 

for all G Z^. Hence Tp{u)Fl-^VA = fp{A'{u)vA>) for aU u G 
Therefore Tp is well-defined. 

The last claim of the lemma follows from the equations 

(5.11) fpiuv) = Tpiu)fpiv), f;{uv) = T;iu)f;iv), 

where u G U{rp(x)) and v G M^p^^\t^(A)), and from the surjectivity 
of the maps Tp, T~ . □ 

Lemma 5.9. Let A G Hom(W°,K^) anc? j,k E I such that j ^ k. 
Assume that m^f^ = \(No(^j + Noa^) fl R^l < oo and that b^{a) < oo 
for all a G (NoOj + Noa/c) n i?^. T/ien 

(5.12) {t,t,rh-H^tl{A) = A. 

Proof. Let m = ""^jifc, and let io, ii, . . . , im^^ G {j, k} such that ij, = j 
if z/ is even and ii^ = k if u is odd. Let x' = ^io'^n ' ' " ''^jm-i(x) = 
'"ii'^i2 ■ ■■rirr.ix) (by (R4)), and 

A' = t^o^n ■ ■ -C^.IA), A" = t,,t,, ■ --tfJA). 

These definitions make sense, since b^{a) < oo for all a G (Noaj + 
NoOfc) n R\. Lemma [5.71 implies that the claim of the lemma is equiv- 
alent to A' = A". 

Let r = t,,\ ■ ■ ■ f,„_, : M^' (A') ^ M^{A) and f" = f,,f,, ■ ■ ■ : 
M^'{A") M^(A). For all G {1, 2, . . . , m} let 
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By definition of Tj and T^, 

Botli expressions are nonzero by Tlim. I4.9[ Since 

{(3l\l<u<m} = {(3l\l<u<m] = R\r\ (Noa,- + Nottfc), 

we obtain tliat 

(*) T'(Kt;A') and T"(KfA//) are isomorpliic W°-modules. 
By Tlim. EH 

TigTij ■ ■ ■ Ti^_j (mo) = TijTi2 ■ ■ ■ Ti^iuo) for all uq G 

Hence Lemma 15.81 yields that 

Thus A' = A" by (*). This proves the lemma. □ 

Remark 5.10. In view of Thm. 12.51 and Lemmata 15. 7^ 15.91 we can say 
that Eq. fl5.9p defines an action of the groupoid W(x) on Hom(W°, K^). 
Then Lemma [531 says that the numbers p^{a)A{KaL~^), where a G Z^, 
are invariants of this action. 

In general, the maps Tp and T~ are not isomorphisms. 

Proposition 5.11. Assume that A{KpL~^) ^ x(ap,ap)*^^ for all t G 
{1, 2, . . . , 6 - 1}. Then fp, fp : M''p^^\t^{A)) M^(A) are isomor- 
phisms of vector spaces over K. 

Proof Let q = x' = ^p(x), A' = t^(A), and f' = f^^jj'p'f. 

By Lemma [STTI and since r^^x) = X, T' is a t/ (x)-niodule endomorphism 
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of M^{k). We calculate f '(i^a). 

f 'K) =%{Fi-W') = Tp{F^-')Fi-W 

by Lemma [3.71 By assumption, T'{v\) 7^ 0, and hence T' is a nonzero 
multiple of idAfx(A)- Therefore Tp is an isomorphism. The proof for T~ 
is analogous. □ 

Lemma 5.12. Let t G {1, 2, . . . , 6 — 1}. Let q = xi'^pj f^p)- Assume 
that A{KpL-^) = g*"^ Then m M^(A) 

(5.13) Ej,F;"t;A = (m),A(Lp)(g*-'"-l)F7-V forallm^n^. 

In particular, if q ^ I, then EF'^v^ = e{E)Fp'vA for all E G U^{x) 
if and only if m = 0, m = t or m > b. If q = 1, then EFp^v\ = 
e{E)F^v^ for all E G f/+(x), m G Nq. 

Proof. Eq. (I5.13P follows from Lemma [3?71 By definition of 6 = 6-^(0^), 
either g 7^ 1 and g is a primitive 6-th root of 1, or g = 1 and h = chark. 
Therefore, if g 7^ 1 and m G {0, 1, . . . , 6 — 1}, then g*"™ = 1 if and only 
if t = m. li E = Ei with z p, then EF^ = by Eqs. ([EID, fl53|) . 
The rest is a consequence of Lemma [3.6( i). □ 

Proposition 5.13. Assume that A{KpLp^) = x(ap,ap)*~^ for some 
tG{l,2,...,6-l}. 

(i) If x{cip,Cip) 7^ 1; then t is unique, and 

luif^^ = ImJ;^- = U~{x)Fl ® Ka. 

(ii) If x{(^pi<^p) = 1; then chark = b> and 

keif^^^ = kerf^X = U~ix)Fp ® K,x(a), 
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Proof. Let q = x' = ''^p(x)) and A' = tp(A). We prove the 

claims about T^j^ in (i). The rest is analogous. By Lemma [321 fo^' 
me{0,l,...,6'-l}, 

m 

=aE^Fl~W = aFl~'~^\[{q^+'~'K{K,L;') - l)v^ 

i=i 

for some a, a' G k^. Thus, T^j^^F^vp^i) = if and only if = 
q^~^A{KpLp^)^^ for some j G {l,2,...,m}. By the assumption on 
A{KpL~^), this is equivalent to j = b — t for some j G {1,2,..., m}. 
Therefore T^\{F^vp^i) = if and only ii m>h — t. 

Let F G By Lemma I3.6( ii). there exist unique F'^ G 

f/p;^(xO, where m G {0, 1, . . . , 6 - 1}, such that F = Emio^m^p"- 
By the previous paragraph, and since A{KpL~^) G k, for each m G 
{0, 1, . . . , 6 — 1 — t} there is a unique G k^ such that 

TU^Vj,,) = ar^TpiF'jF^-'-^v^ G f/-(x) ® U- 

m=0 

By Lemma [3^ ii). the latter expression is zero if and only if Tp{F^) = 
for all m G {0,1,.. .,6 — 1 — t}. Therefore, Lemma 14.31 and relations 
K e f^7A-(x') imply that f^^^{FvA,) = if and only if = for 
all m G {0, 1, . . . , 6 - 1 - t}. Hence ker fp';^ = U^{x)Fp^^ ® ^h' and 
lmf^^^ = U-{x)Fl®^K. ' □ 

For all w G Aut(Z^) and a E "L^ let ty(e°) = e*"^"-*, and extend this 
definition linearly on formal characters. We investigate the effect of 
the maps Tp, T~ on formal characters. For all x' ^ G{x) and i E I with 
h^' {ai) < oo let erf \7J be the affine transformation 

(5.14) (Tf'(a) = af'(a) + (1 - 6^'K))ai. 
Note that then a^^^^a^ [a) = a for all a G 

Lemma 5.14. Let A G Hom(WO,K^) an(i a G Z-^. T/ien 

(5.15) Tp(M^^W(t^^(A))«) CM>^(A)^.,(.,^^^, 

(5.16) f-(M^^W(t^(A))J CM>^(A)^.,(,) 
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In particular, 

(5.17) chM'^(A) = (T;''(^)(chM'^^W(t^(A))). 

Proof. Let A' = t^{A) and u e U{rp{x))a- Then 

by Prop. 14.21 This proves Eq. f lS.lSp . since £ ^■^(A)o, The proof of 
Eq. (15.161) is similar. By Eq. (15. 8p . chM'^(A) does not depend on A. 
Hence by Prop. 15.111 we may assume that Tp is an isomorphism. Then 
Eq. flETTD follows from Eq. flETB . □ 

Lemma 5.15. Let A G Hom(W°, K^) andt G {1, 2, . . . , 6-1}. Assume 
thatA{KpLp^) = x{ap,apy-^. ThenV = f/-(x)i^p®KA af/(x)®K- 
suhmodule of M^{A) with 



chV = chM^(A) 



Proof. The formal character of the subspace ®m=t^^ of M^{A) is 
e-*°p + g-(t+i)ap _^ ^ g-Cf--!)"? = r ^ 



1 - e-"p 

Thus the lemma is a consequence of Lemmata 15 .121 [5l2l and Eqs. (I2.14p . 

/n the rest of this section assume that x ^ ^4- Let n = \R^\ and 
ii, . . . ,in E I with £(l^(Tjj ■ ■ ■ CTj^) = n. Recall the definitions of P,, and 
F^^, where 1 < u < n, from Eq. (gSD- Let A G Hom(W°,K^). We 
characterize irreducible Verma modules (see also Lemma [6. 7p . 

Proposition 5.16. Assume that 

n 6^(/3.)-l 

(5.18) n n [p'^rnKKp^L-^D-xi^.^Y)^^. 

v=l t=l 

Then I^{A) = 0. 

Proof For all u G {l,2,...,n} let Xu = '"i.-i " " " '^i2^n (x) and A^ = 
K^i ■ ■■U2tl{A). By LemmalEHand Eq. fl2J2|) . Eq. flSTTSj) is equivalent 
to 
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for all z/ G {1,2, ... ,n},t G {1, 2, . . . , 6>^-^(aiJ-l}. Hence, by Prop. EUl 
the map 

f,,4 ■ ■ - 4 : M'-(>^")(t,„(A„)) - M'^(A) 

is an isomorphism. Thus v = Pj^^^^"^'^ ■ ■ ■ Fj^^^^^^~^ Fj^^^^^^~^ v\ ^ 
and {U^ix) ®k K)u = M^(^!\). Since is contained in any nonzero 
f/(x) ®k K-submodule of M'^(A) by Thms. iSl ill it follows that 
I^{tC) =0. □ 

6. The Shapovalov form 

We discuss the analog of the Shapovalov form for the algebras U (x) 
following the construction in [Jos95l 3.4.10]. 

Let ^ ■ By Prop. 13.41 there exists a decomposition 

and hence a unique projection 

with kernel ^jgj Fihl{x) + Xlig/ ^(x)-^j- This map is commonly known 
as the Harish- Chandra map. By definition, satisfies the property 

(6.1) = e{u^)e'^{u)e{u^) 

for all M_ G f/^(x), m G f/(x)) "^4- ^ f^^(x)- Since = u for all 

M G 

(6.2) O'^iytiu)) = F(m) for all u G W(x). 
The bilinear map 

(6.3) Sh:W(x) xW(x) Sh(u, t;) = ^^(fi(u)t;), 
is called the Shapovalov form. By Eq. (16.21) and since = id, 

(6.4) Sh(u, t;) = Sh(t;, u) for all n, G W(x)- 
Moreover, by definition of Sh and 6^, 

(6.5) Sh(M,w) = ifueJ2^ix)EiOTveJ2^ix)Ei. 
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Recall the definitions of U{x)^ ^~^{x) ^ (x) from Sect. [3l Since 
U {x)^~^ ix)^ ix) + C ker^^, 9^ and Sh induce maps 

The map 9^ is Z-'^-homogeneous, that is, 9^{u) = for all u G U{x)a, 

where a G Z^\{0}. The map Q reverses degrees, that is, fl{u) G U 

for all u G U{x)a, where a G Z^. Therefore, for all G Z^, where 

a 7^ /3, we get 

(6.6) Sh(u, v)=0 for all u G f/(x)a, ^ e f/(x)/3 (" 7^ 

Definition 6.1. The family of determinants 

det^ = det Sh(i^', e W7k" , 

where a G Nq, = dimt/~(x)-a, and {Fj*, Fg, . . . , F^} is a basis of 
U~{x)-a, is called the Shapovalov determinant of f/(x)- 

Remark 6.2. Let a G Nq and A; = dimU~{x)~a- By the above consid- 
erations, Sh : U~{x)~a X U~{x)^a — > W° is a symmetric bilinear form 
for all a G Ng. Let F' = F2, . . . , F^} be a basis of U~{x)~a, and let 
rf(F') = det Sh(i^', F;)ij6{i,„„fc} G Then rf(A'F') = {det A' fd{F') 
for all A' G GL(/i;, k), and hence det^ = d{F')/k^ does not depend on 
the choice of the basis F' of U~{x)-a- 

Lemma 6.3. Let x G A". Let J be an ideal of . Assume that 
J is contained in the center of U{x)- Let Ju be the ideal of U{x) 
generated by J. Then Sh : U{x) ^ U{x) ~^ induces a map Sh : 
Uix)/Ju^Uix)/Ju^l^VJ- 

Proof. Since J is contained in the center of U{x), triangular decom- 
position of U{x) yields that Ju = U^{x)JU^{x)- This and VL{J) = J 
imply the claim of the lemma. □ 

Lemma 6.4. Let x ^ ^ , <^ ^ "^^ , E G U^{x)a, and F G U~{x)-a- 
Then 

Sh(fi(F),F)G ^KpL^ 

/3,76N^,/3+7=a 

Moreover, the coefficients of Ka and o/Sh(f2(F), F) are ri{E, S{F)) 
and ri{E, F) , respectively. 
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Proof. If a ^ or a = 0, then U+{x)a = or U+{x)a = k- In this 
case the claim of the lemma holds by definition of Sh. Assume now 
that a enl\ {0}. Using Eqs. ([311]) -([33]), by induction on /3 and (3' 
one can show that 

E'F'e Yl U-{x)-,,K,,L,,U+{xU 

71i72,73:74GN^,74-7i=/3-/3',72+73+74=/3 

for all 13,(3' G and E' e U+{x)p, F' e U-{x)~P'- This implies the 
first claim of the lemma by letting (3 = (3' = a and E' = E, F' = F. 
The second claim follows from 

A{E)-Ko,^E-E0le © U-^{x)/3K^®U^{x)'y, 

A(F)-l®F-F®Lae © U"ix)-p®U'{x)-'yLp, 

/3,7GN^,/3+7=a,/3,7^0 

and from Eq. (13.191) (with x = E, y = F) and Prop. I3.5( iii). □ 

Let K be a field extension of k. The importance of the Shapovalov 
form arises from the fact that it induces a form on the Verma modules 
M^(A) and on their simple quotients L^{A), where A G Hom(W°, K^). 

Let A G Hom(W°,K^). Define 

(6.7) ASh : U{x) x U{x) ^ K, {u, v) ^ A(Sh(M, v)). 
By Eq. 

ASh(M_MoM+, v-VqV-^) =e(M+)e(f+)A(MoSh(M_, f _)t>o) 

=A{uo)A{vo)e{u+)e{v+)ASh{u_,v_). 

Thus, by Eq. (15.31) . ASh induces a K-bilinear form on M^{A) by letting 

ASh : M(A) X M(A) ^ K, (m ® U, © U) ^ ASh(M, v) 

for all u,v G U{x)- Moreover, Eq. (16. 6p gives that 

(6.8) ASh(M © 1a, v) = ASh(l © U, n{u)v) = 

for all u G U{x) and v G /^(A), since n{u)v G /'^(A) C ©q^oM>^(A)„. 
Thus by Eq. (16. 4p . ASh induces a symmetric bilinear form on L^{A), 
also denoted by ASh. The radical of this form is a Z^-graded U (x) ©klK- 
submodule of L^{A), but does not contain 1 © 1a, and hence it is zero. 
Thus ASh is a nondegenerate symmetric bilinear form on L^(A). 
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For the rest of this section let x ^ ^ = o,f^d h, ■ ■ ■ yin ^ I 

with £(l^(7j^ ■ ■ ■ = n. For all u E {1,2, ... ,n} let 

For all V e{l,2,...,n},ae N^, and t G {1, 2, . . . , h'>^{(3^) - 1} let 

n 

P^{a,f3^]t) = I (mi, . . . ,m„) G | ^m^f3^ = a, > t, 
(6.9) M=i 

m^<b^{Pf,) forall^G {l,2,...,n}| . 
We will use two important facts on the function P^. 
Lemma 6.5. For all u E {1,2, ... ,n} and t E {1,2,..., b^{Pu) — 1}, 

J2PHa,^,.t)e- = ^—^ n ■ 

aeNL fj.e{l,...,n},fj.j^i' 



Proof. By Thm. 14. 9[ the two sides of the equation are two different 
expressions for the formal character of the subspace of U~{x) ® IK 
spanned by the elements 

mi,...,mn 
miv > t, 0<m^ (/3^ ) for all fi 

□ 

Lemma 6.6. For all a E Ng, 

adimU-{x)-a = Y, Yl P''{oi,(3,-t)l3,. 

v=l t=l 

Proof. By Thm. 14. 9[ for each a G Ng there is a basis of U~{x)-a 
parametrized by the set 

n 

(6.10) I (mi, . . . ,m„) G Nq | ^m^/3^ = a, nif, < b^{Pf,) for all 

11=1 

Each (mi, . . . , m„) in this set contributes to P^{a, (3^; t) with a sum- 
mand 1, for all G {1, 2, . . . , n} and t E {1, 2, . . . , m^}. Thus the claim 
of the lemma follows from the decomposition of the P^{a, (3v;t) into 
1 + 1 + ■ ■ ■ + 1 by reordering the summands. □ 
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Lemma 6.7. Let v e {1, 2, . . . , n}, t e {1, 2, . . . , - 1}, and 

A e Hom(Z^°,K^). Assume that p^{p^)A{Kp^L^^) = xiPv.f^vf and 

^l=l m=l 

Then M^(A) contains a U{x) ® ^-submodule V with 

(6.11) chV =Y^ P'^ia, /3^; t)e-". 

In particular, V G I^{A). 

Proof. We proceed by induction on u. Let first u = 1. By Lemma [5. 151 
V = U-{x)Fl ® Ka is a U{x) ® K-submodule of M^(A). Tlien 
Eq. (16111) follows from Thm. WM 

Assume now that v G {2, 3, . . . , ra} and that the lemma holds for 
u - I. Let = ^v-i ■ ■ ■'^i2^ii(x) and A^ = ti^^^ ■ ■■ti.^tf^{K) for all 
yU G {1,2,..., z/}. By Lemma [5.51 the assumptions on A are equivalent 
to the relations 

n n (A.(%4v')-p"^Kr"')^o 

/i=l m=l 

and A,(Ki^Lri) = p'^''(a,J*-i. Let 

By induction hypothesis there exists a f/ (x2)-submodule V' of M^^ (A2) 
with 

(6.12) chy' = ^ P^2(a,/5;,;t)e-". 

Moreover, A{Ki^L-^) ^ p^iai,)""'^ for all m G {1, 2, . . . , b^{ai,) - 1}, 
and hence Tj^ : M^2(A2) — * M'^(A) is an isomorphism. Let V = 
fi^iV). By Lemmata ED and EH ^ is a f/(x)-submodule of M^{A) 
and 

(6.13) diV = al'ichV) = J2 ^f'{P'''{a,(3l;t)e-''). 
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Thus, by Lemma [6.51 

Recall that 7^ a^^, since v > \. Moreover, 

1 - e~"'i 



g(l-fex(aiJ)ai-^^X2 



= e 

1 — e"'i 1 — e 

Therefore 

by Lemma [6.5[ This proves Eq. (16. lip . 

Since t > 0, chV 7^ chM^(A). By assumption on t, 7^ 0, and 
hence 7^ 0. Since is a Z-^-graded ?7(x)-submodule of M'^(A), the 
lemma is proven. □ 

Theorem 6.8. Let x G ^5- For all a G Nq, i/ie Shapovalov determi- 
nant ofUix) family (det^)Qgp^/, where 

(6.14) det^=n n (p^(/5)i^/3-x(/^,/5ri^/3)^'^'^'^^*^ 

Proof. Let a G Nq, /c = dim and let {F{, F^, . . . , F^} be a ba- 

sis of ?7-(x) -a- Then Sh(i^', Fj) G X;/3,^gN5,/3+^=a ■'^^/3^7 ^7 LemmaEH 
and hence 

(6.15) det^ G ^ k/sT^L^. 
The polynomials 

are irreducible and pairwise distinct for all u G {1,2, ... ,n} and t G 
{1, 2, ... , b^{(3y) — 1}. Thus by Lemma 16.61 it suffices to prove that 
det^ ^ and that the polynomials {p>^{(3^.)Kp^ -x{f3u, PuYLp^)^''^''^'^''-^^^ 
are factors of det^. 
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Let k be the algebraic closure of k and T = maxspecW° ®k k the 
algebraic torus. The points of T are just the k^-valued characters of 
W. The equation det^ = defines a closed affine subvariety T'^ C T. 
Let A G T. By definition, A G if and only if ASh : f/"(x)~a x 
U^{x)-a — > k is a degenerate symmetric bilinear form, that is, if 
/'^(A)_Q, 7^ 0. Thus, by Prop. I5.16[ is a subset of the finite union of 
irreducible varieties 

T,,,,t = maxspec (W° ®^ k) / {p^{l3,)Kp^ - V), 

where i/ G {1, 2, . . . , n} and t G {1, 2, . . . , h>^{(3u) - 1}. By Eq. (16151) 

n bx{l3^)-l 
u=l t=l 

for some N^^t G No and an element / G k[/('j,Lj | z G /] which is in- 
vertible on T. In particular, det^ 7^ 0. We finish the proof of the 
theorem by showing that N^^t > P^{.Oi, [3y]t) for all u G {1,2, ...,n} 
and t G {1,2,..., b^{P^) — 1}. The essential ingredients will be Lem- 
mata 16.71 and 19. 2[ 

Let u G {l,2,...,n} and t G {1, 2, . . . , - 1}. Let w = 

^x^hOri2 ■ ■■^i.-i- Then 

w° = k[j's:^(^^.),K-(^^^),L^(^^.),L^f^^.) lie/] 

and w{ai^) = (3^. Let 

B = k[V, L-J, K^^a,), K'l^^y L^{a,), L-\^^^ \ 3 M] 
and X = p^{Pu)Kp^ - x{Pu, PuYLfi^. Then 

{x + xiPu.PuYLpX']- 

Let X' = (x^),,,e{i,2,...,fe} e {U^f''^ with 

x^ = Sh(i^',i^') foralH,jG{l,2,...,A;}. 

Let / G Z such that K^f^^X' G and let X = K^^^X'. By 

Lemma 16.71 and Eq. (16.81) there is a non-empty open subset of the 
variety of 5 ~ W/{x) such that rkX(0)p < k — P^{a,(3y]t) for all p 
in this set. By Lemma [9.21 detX = x^^'^°''^''''^^h' for some h' G B[x\. In 
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particular, factor of det^, and the proof of the theorem 

is complete. □ 

7. Shapovalov determinants for bicharacters with finite 

ROOT systems 

In Sect. Elwe mainly considered bicharacters x G ^"5. Here we extend 
our results to all x ^ '^3 with P) ^ I for all P G 

In what follows let X denote the set of k^-valued bicharacters on Z^. 
Identify X with (k^)-^^^ via x ^ {xi'^i^ X ^ For all 

z G {1, 2, 3, 4, 5} define Xi C ^ in analogy to Eqs. (12X71) - fl2:2B . Note 
that Xi = Xn Xi for all z G {1, 2, 3, 4, 5}. 

For all (3, (3' G Z'^ let fp^pi be the rational function on the affine 
variety X = (k^)'^^-'^ such that 

f(3,f3'{x) = x{P,P') for all xe:^. 

Clearly, the functions f 13^/3' with G {oj, — | i G /} generate the 
algebra k[X]. Recall that a subset of X is locally closed, if it is the 
intersection of an open and a closed subset of X. 

Proposition 7.1. Let x ^ ^3- Assume that xiP^P) 1 for all P G 
R^. Let n = {ni3)f3^j{X^ with rip & N for all P G -R+oo- Then there 
exists an ideal J C k[X] generated by products of polynomials of the 
form 

l Yl f^^j' ^ " ^'^'^^ ^' ^ ^ for all ij G /, 

such that the set 

VI = {x:eX\ Ri = Rl, b^'iP) = b^P) for all P G i?^^,, 

x'iP, PT + 1 for all P G Rl^, 1 < n < n^} 

is an open subset c)/maxspeck[A:']/J. 



(7.1) 



Proof. We use Lemma 12.121 and Def. 12.91 to reformulate the equation 

Let x! ^ ^(x)- Since x G A'a, x' is p-finite for all p & L Further, 
x'(ap, oip) 7^ 1 since x(/3,/3) 7^ 1 for all P G -R+, see Eq. (12.71) . Thus 

(x'(ap'"p)~''"x'(ap5"i)x'(ai,"p) - 1)(xVp' "p)^~^" - 1) = 
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for all p,j G / witlip 7^ j. Let w G Hom(x, x') C Hom(VV(x))- Identify 
w with the corresponding element in Aut(Z^) in the usual way. Then 
x' = w*x and hence 

(7.2) (x(7p,7p)-'-x(7p,7,)x(7„7p) - 1)(x(7p, 7^)'"'=" - 1) = 
for all p.jEl with p 7^ j, where 7p = w^^(ap) and 7^ = Let 

J> e I,j ^ p, w e Hom(x,_), 7p = w~\ap), 7^ = 

and 

(7.4) J = J'+{f^T-MP^RlJ- 

Then, by Lemma Eia Def. EH and Eq. fl2JT]) . is the set of points 
x" G maxspec lk[A']/ J such that 

• f^ix") + 1 for all /3 G i?^^, 1 < n < and 

• (/7^,>/>,7./7.,> - (A^S - 7^ for all j,p G /, 
w G Hom(x, _), and m G {0, 1, . . . , — c^^- ^ — 1}, where 3 ^ p and 
7p = w-^{ap), 7j = tf^^aj). 

This is clearly an open subset, which proves the proposition. □ 

Proposition 7.2. Let x G '^s- Assume that x{P,P) 7^ 1 for all (3 G 
_R^. Lei n = (?^/3)/36_r^ , where G N /or a// [3 G -R+oo- -^^^ ^■^ 
m Proj>. |y. j[ Then fl zs Zariski dense in V^. 

Proof. Prop. 17.11 gives that C satisfies the conditions on V in 
Lemma where k = |/p and {xi \ i = 1,2, . . . ,k} = {fai,aj \ hj G -^}- 
Since ^"4 contains all finite sets Kii,...,nfe in Lemma [9^ and fl l^^^ = 
X4 n by definition of V^, the proof is completed. □ 

Similarly to Eq. ([63]) define P^a,(3^;t) for all x e ^3, a G N^, 
G i?^, and t G N with t < b^{(3^) by 

n 

P^{a, (3^;t) = I (mi, ... , m„) G Nq | ^ = a, > t, 

(7.5) M=i 



^m<&^(/9m) for all /iG {1,2,..., n}| 
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Theorem 7.3. Let x e A's. Assume that xiP^P) 7^ 1 /^"^ {3 & R\. 
The Shapovalov determinant ofU{x) the family (det^)Qgj^/, where 

bx{f3)-l 

(7.6) det^=n n (/^'(/5)^/3-x(A/3)%r^"'''^*)- 

Proof. Let a G Nq. Choose a basis {F[, . . . , F^.} of f/~(x)-Q consisting 
of monomials Fi^Fi^ ' ' ' where /c, / G Nq and ii, . . . ,ii G /. Iden- 
tify Q)f^^^(z^i^^i3^^=a^Ki3L^ with for an appropriate G N. By the 
commutation relations f l3.1l) -( l331) and the definition of Sh, the map 

d-.X^k'', x'^ det(Sh(i^', i^')).je{i,2,...,A:} 

is a morphism of affine varieties. Further, d{x) 7^ by Lemma 16. 4[ 
the choice of {F[, . . . , Fj^}, and the nondegeneracy of the pairing 77, 
see Prop. I3.5( iv). Recall the definition of P G Z-^, from Eq. (13. 8p . 
Restrict d to the set defined in Prop. 17.11 with = for all 

(3 G Rl^. The set 

V = {x' G I d{x') + 0} 
is open in and contains x- Thus by Prop. 17.21 the set 

y" = ix' e n I d{x') ^ 0} 

is Zariski dense in all irreducible components of containing x- The 
definition of and the choice of n yield that = R\ and b^' (P) < 
b^{(3) for all x' e and /? G Rl- Thus dimt/(x')-a < dim?7(x)-a 
for all x' e by Eqs. flCTl) . fl27[5l) . Hence d(x') is a multiple of det^' 
for all x' e V^. By Thm. leTSl 

6^(/3.)-l 

(7.7) d{x') = a{x') n n (P^mp - X{P. PyLp^^^^^-^'^ 

I3€R\ t=l 

for all x' ^ where a(-) is some regular function on X which does 
not vanish on V" . By the density of V" , Eq. (17.71) holds for all x' G V 
in the irreducible components of containing Xi and a(x') 7^ for all 
x' G V by definition of V^'. In particular, Eq. (17. 7p holds for x' = x- 
Thus the theorem is proven. □ 
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8. Quantized enveloping algebras 

We adapt our main result to quantized enveloping algebras. 

Let / be a finite set and let C = {cij)ij(zi be a symmetrizable Cartan 
matrix of finite type. Let g be the associated semisimple Lie algebra 
and R+ the set of positive roots. For all i & I let (ij G N such that 
diCij = djCji for all i,j G /. Assume that the numbers di, where i E I, 
are relatively prime. Identify 7^^ with the root lattice by considering 
{ttj I z G /} as the set of simple roots. Let (■,■) : 1,^ ^ Jj be the 
(positive definite) symmetric bilinear form defined by ioii^aj) = diCij. 
Let p : ^ Z be the linear form defined by p{ai) = di for all i E I. 

Let k be a field, and let g G k^. Assume that g^™ ^ 1 for all m G N 
with m < m.ax{di \i G /}. The quantized enveloping algebra of g is 
the associative algebra Uq^Q) generated by the elements Ei, Fi, Ki, and 
K^^, where i E I, and defined by the relations 

KiK-' = K-'Ki = 1, KiK^ = KjK,, 
KiEjK-^ = q'^^^^^Ej, K.FjKr^ = q~'^^^^^Fj, 
EiFj-FjEi = 6,,{Ki~K-'), 
(adE,)^-'^-(E,) = 0, (adF,)^-^-(F,) = (z ^ j) 

for all i,j G /. Here ad denotes adjoint action: 

(ad^i) (x) = E^x - KixK-^Ei, (adF,) (x) = xFi - F.R-^xKi 

for all 2 G / and x G {Ej, Fj, Kj, \j G /). Traditionally, in the 
third line of the defining relations of Ug{g) one inserts a denominator 
gdi_q-di ^YiQ right hand side, but this denominator can be eliminated 
by rescaling e. g. the variables Ei, i E I. 

Assume first that q is not a root of 1. Then, by |Lus93l Ch. 1] and 
[XS021 Prop. 2.10], Ugig) - U{x)/{KiLi - 1 1 z G /), where ^ with 
x{ai,aj) = q^^^'^ for all i,j E I. 

Assume now that g is a root of 1. Let again x ^ ^ with xi'^ii ^^j) = 
qdiCij fQ]. qW ^ j g J Then 

U{x)/{KiL, - 1, i^'(^) -l\^eI,PERl), 
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where b{P) is the order of for all P E -R+, is isomorphic to 

Lusztig's small quantum group Ug^Q). This was observed e. g. in |AS02t 
Thm. 4.3] by referring to results of Lusztig, de Concini, Procesi, Rosso, 
and Miiller. 

Similarly to Eq. (16. 3p and Def . 16.11 one defines the Shapovalov form 
and the Shapovalov determinant (deto)^^^}/ of Ug^Q) and Ug^Q), respec- 
tively. Alternatively, since K,Li for i e / and k'^J'^^ for (3 e Rl (the 
latter only if g is a root of 1) are central elements in U (x) for all i E I, 
the Shapovalov form can also be obtained from the definition in Sect. |6] 
via Lemma 16.31 

Theorem 8.1. Let I, C, {di)i^i, and g as above. Let g G k^. Assume 
that g^'" 7^ 1 for all m eN with m < maxjdj | z G /}. 

(i) |dCK90j If q is not a root ofl, then the Shapovalov determinant 
of Ug{g) is the family (detQ,)„gi!^/, where 

oo 

(8.1) det« = n U^<l'''^'^^^ - q'^'''^K-Y^-'^-''\ 

I3<^R+ t=l 

(a) Assume that q is a root ofl. Then the Shapovalov determinant 
of Ug{g) is the family {deta)aem{^! where 

bW)-l 

(8.2) det„= n J] (g2p(/3)i^g-g*(/3./5)i^-i)^K/3;*). 

/3eR+ i=l 

Proof. Let x G with x(aj, aj) = g'^»^»j for all i,j G /. Choose the 
ideal J in Lemma [6T3] as explained above. Then one gets the Shapovalov 
determinants of Ug^Q) and Ug{g) from the one of U{x) iii Thm. I7.3[ □ 

The second part of Thm. 18.11 was proved in |KL97] in the case when 
the order of q is prime and k is the cyclotomic field Q[g]. 

9. Appendix 

For the proofs of Thms. 16.81 and 17.31 we need some commutative 
algebra which is considered here. Let Ik be an algebraically closed field. 

Lemma 9.1. Let B he an integral domain, x an indeterminate, /c G N, 
and X G B[xf'^''. Then there exist s G {0, 1, . . . , k}, Di, D2 G 5'^^^ 
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Do G andbe B\ {0} such that det Di, det D2 ^ 0, 

(9.1) D1XD2 = xDo + 6diag(l^_^^,0,...,0). 

Proof. Let Frac(i?) be the field of fractions of B. Then there exist 
s G {0, 1, . . . , A;} and G Frac(5)'=^'= such that det D[, det ^ 

and 

L>;X(0)D^ = diag(l^_^, 0, . . . , 0). 

s 

Let 61,62 G 5 \ {0} such that hiD[,h2D'^ G Efxj'^^^ Let 6 = 6162, 
= fci^;, and D2 = &2^2- Then 

DiX(0)Z}2 = b diag(l^_^, 0, . . . , 0), 

s 

and hence the lemma holds for Z^o = DiX'D2, where X' G B[x]^^^ 
such that X = X{0)+ xX'. □ 

Lemma 9.2. Let B be a finitely generated integral domain over k, x 
an indeterminate, G N, r G {0, 1, . . . , k}, and X G B[x]^^^ . Assume 
that rkX(0)p < r for all points p in a non-empty Zariski open subset 
of the affine variety of B. Then det X = x^~^b for some b ^ B[x]. 

Proof By Lemma [Othere exist s e {0,1, . . . , k}, b e B\{0}, Di,D2 G 
and Do G such that det Di, det ^2 7^ and Eq. (lO) 

holds. Let ^ be a non-empty Zariski open subset of the affine variety 
of 5 ~ B[x]/{x) such that (det Di)p, (det D2)p, bp and rkX(0)p < r 
for all p E V. This exists by the assumption on r and since the variety 
of B is irreducible. Then s < r by Eq. (19. ip in the points {p, 0) of the 
variety of B[x], where p E V. Therefore 

det Di det X det D2 = x'^'^'b' 

for some b' G B[x]. Since det i^i, det 1)2 G B and i? is an integral 
domain, we conclude that detX G x'^~'^B[x]. □ 

For all /c G N let Ik[a;j, a;""*^ 1 1 < i < k] denote the ring of Laurent 
polynomials in k variables. For all M = (?7ijj)jjg{i 2,...,^} G GL{k, Z) let 
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Then the ring endomorphism of k[xi,x^^ | 1 < < given by Xi ^ 
X\^^ for alH G {1,2,...,/^} is an isomorphism with inverse map given 
by Xi ^ ^"'^ for alH e {1, 2, . . . , k}. 

Lemma 9.3. Let A; G N. Let J C k\xi^x'^'^ | 1 < ^ < A;] he an ideal 
generated by elements of the form q — Y[i=i ^T' j where mi, . . . , G Z 
and g G is a root of 1. Then J is a finite intersection of ideals of 
the form 

(9.2) (xr-gi,^r-g2,...,xr-go, 

where I G {0,1,..., k}, qi,...,qi G are roots of 1, and M G 
GL(fc,Z). 

Proof. Proceed by induction on k. If J is empty, then the claim is true. 
Assume now that Q' — 11^=1 ^T' of the generators of J, where g is a 

root of 1 and (mi, . . . , mk) G \ {0}. Let mo = gcd(mi, . . . , m^). Let 
M' G GL{k, Z) such that m[- = rrii/mo for alH G {1, 2, . . . , A;}. Then 
[Xi^ )-jmo _q ^ hence J is the intersection of the (finite number 

of) ideals J + {x[^^ — q'), where q' G k, g'"*" = q. By assumption, 
J + (Xj;^^ ■* — q') is generated by x[^^ ^ — q' and by elements of the form 
q" — Yi'i=2i-^i^ ^)"*^ where m'2, . . . , m^ G Z and q" G k^ is a root of L 
Then the claim follows by the induction hypothesis. □ 

The ideals in Eq. (19. 2p are prime ideals of k[xj, x~^ | 1 < < A;], since 
the quotient ring k[xi,x~'^ | 1 < < k]/J ~ k[xi,x^^ | 1 < i < A; — /] is 
an integral domain. 

Lemma 9.4. Let k E N. Let J C k[xi,x^^ 1 1 < "i < A;] be an ideal 
generated by polynomials of the form 

{<ii - n ^ro - n ) ■■■{<ii-tl ^r") > 

1=1 i=l i=l 

where I G N, rriji, . . . ,mjk G Z and qj E is a root of 1 for all 
j G {1,2,...,/}. Let V C maxspec k[xi, x^^ \ 1 < i < k]/ J be an open 
subset. Then the union of the subsets 

Vn,,...,n, = {p G y I = 1, • • • , = 1}, rii, . . . , n,. G N, 
is dense in V with respect to the Zariski topology. 
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Proof. We can assume that V = maxspec lk[xj, Xj^"*^ | 1 < i < k]/J. 
Moreover, it suffices to prove the lemma for the irreducible components 
of V. Thus, as a ffist reduction, J can be assumed to be as in the 
assumptions of Lemma 19.31 Then by Lemma 19.31 we may assume that 
J is an ideal as in Eq. (Q, where M e GL{k, Z), / G {0, 1, ... , k}, 
and qi,...,qi G are roots of L Then V ~ (k^)'^"' for some / G 
{0, 1, . . . , k}, and the lemma follows from the fact that infinite subsets 
are dense in k^. □ 
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